Tanaka's formula it follows that Xt -X at and hence X at , are semi-martingales. It is easy to see from Theorem I of [6] that when b ~ , |Xt -X j I is a semi-martingale given by (b-a)c(t) + I = where c(t) is the numbers of crossings of (a,b) in time t, is I during an upcrossing and -1 during a downcrossing and L(t,.) is the local time of X .
In the case of a continuous semi-martingale (X.,~), where ~. is the underlying filtration and at as above, it is an immediate consequence of Tanaka's formula that are semi-martingales (Theorem 2.1). In this case, time changing by at does not change the underlying filtration. In this paper, as our main result we determine the martingale and bounded variation parts of I (Theorem 4.1). In sec. 5, we state a few applications of this result.
These include Levy's crossing theorem, an asymptotic relationship between local times and crossings of Brownian motion and a probabilistic approximation of the remainder term in the 2nd order Taylor expansion of a function.
Preliminaries
Let (.0-~~ P) be a probability space and a filtration on it satisfying usual conditions. For a continuous adopted process and a b, the upcrossing intervals (03C32k, 03C32k+1], k = 0,1,2,.. 
Remarks.
2.2
It is immediate from Theorem 2.1 that X t is also a semi-martingale whose components can be got by subtracting (Xt) from both sides of eqn. (1).
2.3
The
this implies that Y (and hence Z) is a special semimartingale.
Further the representation (1) of Y t is unique (see [9] ). The jump times of these processes are precisely the times of crossings of (a,b) by X and I L1 Ys I = b-a or 0.
2.4
Equation (2) 
Tanaka's formula (see [4] ) 
Proof. where in the last equality we have used eqn. (9) . Remark 4.2 We refer to [6] for an analogous result on crossings of closed intervals by a continuous martingale.
Applications
We now give some applications of the previous results.
We mention only the results and refer the proofs to [5] , [6] and [7] . Hence sufficient to let a t b along a sequence. This is done via the Borel-Cantelli lemma and an estimate due to Yor (Theorem 1, [10] ). The following theorem (Levy's (down) crossing theorem) was first proved in the case of a continuous semi-martingale in El Karoui [3] where the discontinuous case is also discussed. Next let (Xt) be a Brownian motion. We now state a result somewhat related to Theorem 5.1 above and whose proof can be found in [6] , [7] . The crossing theorem say, that L(t,a) as b ~ a, the parameter t being fixed.
It is an interesting fact that the same is true when we let t --~~~ . .
We have the following theorem. We refer to [8] for a proof of this result. The 2nd equality is an immediate consequence of Theorem 1, [5] which is also proved in [11] . 'Ne refer to [1] for a more general result in the context of Hunt processes and to [2] for related results involving recurrent diffusions. The following is a different generalization of Theorem 5.3 and can be thought off as a random approximation to the remainder term in a 2nd order
Taylor expansion for a C2-function. For the proof of this result see (6~, [7] .
Theorem 504 Let (Xt) be a Brownian motion, a b, and f a C2-function. Then almost surely, 
